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Abstract

We study optimal reinsurance in the framework of stochastic game theory, in which there is an insurer
and two reinsurers. A Stackelberg model is established to analyse the non-cooperative relationship
between the insurer and reinsurers, where the insurer is considered as the follower and the reinsurers
are considered as the leaders. The insurer is a price taker who determines reinsurance demand in
the reinsurance market, while the reinsurers can price the reinsurance treaties. Our contribution is
to use a Nash game to describe the price-competition between two reinsurers. We assume that one
of the reinsurers adopts the variance premium principle and the other adopts the expected value
premium principle. The insurer and the reinsurers aim to maximize their respective mean-variance cost
functions which lead to a time-inconsistency control problem. To overcome the time-inconsistency issue
in the game, we formulate the optimization problem of each player as an embedded game and solve it
via a corresponding extended Hamilton-Jacobi-Bellman equation. We find that the insurer will sign
propositional and excess loss reinsurance strategies with reinsurer 1 and reinsurer 2, respectively. When
the claim size follows exponential distribution, there exists a unique equilibrium reinsurance premium
strategy. Our numerical analysis verifies the impact of claim size, risk aversion and interest rates of the
insurer and reinsurers on equilibrium reinsurance strategy and premium strategy, which can help to

understand competition in the reinsurance market.
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1 Introduction

Reinsurance is an important tool for insurers to transfer risk and improve underwriting capabilities.
Research focused on the issue of optimal insurance/reinsurance can be traced back to Borch (1960a), in
which the author showed that the stop-loss reinsurance is the optimal under the criterion of minimizing
the variance of an insurer’s retained loss and the reinsurance premium is calculated according to the
expected value principle. In Arrow (2001), the author obtained the same result by maximizing the
expected utility of the final wealth of a risk-averse insurer. Thereafter, many scholars began to study
this problem under different assumptions on risk process, reinsurance premium principle, objective
function, etc. One may refer to relevant works including L. Bai & Guo (2008), Kaluszka (2004), and Cai
& Tan (2007). It should be pointed out that these studies mainly focused on the a market with only
one insurer and one reinsurer. However, it is common in practice that an insurer can transfer risk to
multiple reinsurance companies. Since reinsurers choose different premium principles and have different
risk tolerances, they participate in the reinsurance treaty with different coverage levels. Thus, some
researchers began to study the optimal reinsurance plan in the presence of multiple reinsurers. In a static
one-period risk modelling setup, there are plenty of studies investigating optimal reinsurance problems
between one insurer and two reinsurers by considering different reinsurance price principles and criterion
of optimization (see Asimit et al. (2013), Chi & Meng (2014), Cong & Tan (2016), Boonen et al. (2016b)
and Boonen & Ghossoub (2020)). Stochastic control theory has also been widely used to solve such
optimal reinsurance problems. For example, Meng et al. (2016) studied an optimal reinsurance problem
for an insurer, who aims to minimize the probability of ruin by partially transferring the insurable risk

to two reinsurers.

It is worth noting that the aforementioned works adopt only the insurer’s perspective. The reinsurance
premium was treated as a fixed constant or a predetermined function. However, reinsurers can also
adjust their reinsurance premium according to the insurer’s reinsurance plan. The interaction between
insurers and reinsurers is intensively discussed in the literature by using game theory, and it can be
described as either a cooperative game or a non-cooperative game. In the cooperative games category,
Borch (1960b) studied optimal reinsurance contracts within the context of bargaining games and found
the Nash bargaining solution. Thereafter, Lemaire (1991), Aase (2009), Boonen et al. (2016a), and L. Bai
et al. (2017) followed this direction and studied various reinsurance problems. In the non-cooperative
games category, the Stackelberg model is an important method to describe the relationship between
insurers and reinsurers. It can be dated back to Von Stackelberg (1934), in which the authors formulated
a strategic game with the leader firm moving first and the follower firm moving second. Gerber (1984)
used the notion of Stackelberg equilibria to study chains of reinsurance in a static framework. In the
Stackelberg game established in Morozov (1998), the insurer is the follower and chooses the loss-ratio
limit, and the reinsurer plays the role of leader and chooses the cost of the reinsurance policy. Chen
& Shen (2019) studied the stochastic Stackelberg differential reinsurance game with the reinsurer as
a leader and the insurer as a follower, and obtained time-consistent equilibrium strategies under the

time-inconsistent mean-variance framework. In Y. Bai et al. (2020), the authors incorporated the



unequal status between the insurer and reinsurer due to the issues of asymmetric information into a

Stackelberg stochastic differential reinsurance-investment game problem.

To the best of our knowledge, the discussion on multiple reinsurers and potential competition between
each other, which are essential issues in practice, are missing in the literature. To fill up this gap, in
this paper, we establish a Stackelberg model between one insurer and two reinsurers who compete on
price, and study the optimal reinsurance policy in a market equilibrium. We adopt the continuous-time
mean-variance criterion, which incorporates the trade-off between risk and return for each company.
The mean-variance analysis developed in Markowitz (1952) provides a fundamental basis for portfolio
construction in a single period, and has long been recognized as the cornerstone of modern portfolio
theory. After Markowitz’s pioneering work, the mean-variance model was soon extended to multiperiod
portfolio selection; see, for example, Samuelson (1975), Hakansson (1971), and Dumas & Luciano
(1991). Since the mean-variance model exists as a non-linear function of the expected value of terminal
wealth, the Bellman optimality principle is not applicable for dynamic mean-variance problems, and
the time-inconsistency issue rises. Our paper faces the same time-inconsistency issue. The mainstream
method of dealing with time-inconsistent problems was proposed by Strotz (1956). Thereafter, Basak &
Chabakauri (2010) solved the dynamic mean-variance portfolio problem and derived its time-consistent
solution using dynamic programming. Bjork & Murgoci (2014) and Bjork et al. (2017) developed a
theory for a class of time-inconsistent stochastic control problems in discrete-time and continuous-time
models. They studied these problems by viewing them within the game-theoretic framework and seeking
subgame perfect Nash equilibrium points. The presenting paper follows this approach. Precisely, we
consider three embedded games for the insurer and two reinsurers, and each of the three embedded
games is played by the future incarnations of the players. Then, we obtain three systems of extended
Hamilton-Jacobi-Bellman (HJB) equations and find the equilibrium strategies and equilibrium value

function.

In this paper, the relationship between the insurer and reinsurers in the Stackelberg model is
hierarchical. The reinsurers, as the leaders in this model, have the right to determine the reinsurance
premium. The representative insurer, as the follower, can only accept the reinsurance premium requested
by reinsurers and determine the loss ceded to the reinsurers. In addition, we assume that the two
reinsurers apply different premium principles, which are the variance premium principle and expected
value premium, to stand for different kinds of reinsurance companies and consider their competition
on price, which has never been considered in the prior literature. Thus, we first find the equilibrium
reinsurance strategies for the insurer under the premiums given by the two reinsurers. Then, we consider
the price competition between two reinsurers when the insurer applies its equilibrium reinsurance
strategy, which can be explained by the model proposed by Bertrand (1883). For each reinsurer, we
obtain the equilibrium premium strategy when the other reinsurer’s premium is given and then find the
equilibrium strategy for price competition. Finally, by substituting the strategies of the two reinsurers
into the insurer’s reflection function, we obtain the equilibrium reinsurance strategies of the insurer.

Our conclusion can lay a foundation for research about extension to multiple reinsurance companies.



The remainder of the paper is organized as follows. Section 2 establishes the model dynamics. In
section 3, we address the time-inconsistency issue and obtain the extended HJB equation. We solve
the extended HJB equation of the insurer and obtain the equilibrium reinsurance strategy of the
insurer. In section 4, we present an example and find the unique equilibrium reinsurance price strategy
for two reinsurers under exponential claims. Section 5 furthers our analysis numerically when given
exponentially distributed claims. Section 6 concludes the paper. All technical proofs are relegated to

Appendix A.

2 The Model

Consider an insurance market including one primary insurer and two reinsurers. We use a complete
filtered probability space (€2, F, {ft}te[QT],P) to model the insurance market, where T < oo is the
terminal time of decision making, P is a real-world probability measure, and {F; };cjo, ) is a right-
continuous and P-complete filtration that contains the available information up to time ¢. Throughout
this paper, we use E[-] to define the expectation under P. The number of individual claims occurring
within the time horizon [0,¢] is modelled by the homogeneous Poisson process {N(t)}cjo,r) with
intensity A > 0. For ¢ = 1,...,n, random variables Y; € Li denote the ith claim size, and Y},Ys,, ...,
are positive independent and identically distributed. Moreover, we assume that {N(t)},c(o. 7] and
{Y;}iz1,2,. are stochastically independent, and then the compound Poisson process Zﬁ(lt) Y; is the size
of the total claim that occurred up to time t. The compound Poisson process is commonly used in the
insurance literature to formulate the claim size. The filtration {F }icpo7) is generated by {N(¢)}iecpo 7]
and {Y;};—1 o . in the usual way. Denote F(-) as the common cumulative distribution function (CDF)
of V;,i=1,2,.... Assume ay := E[Y] = [o+ ydF(y) < oo and oy = Je+ y> dF(y) < oo, that is, ;

has finite first and second moments.

The occurrence time of the i-th claim is defined as T; = inf{t < T, N(t) > i}. For i =1,2,..., given
the occurrence time T and the severity of the claim Yj, the insurer will cede [;(T},Y;) and I5,(7},Y;)
to reinsurer 1 and reinsurer 2, respectively, where /; : [0, 7] x R" — R is the indemnity function of
reinsurer j, j = 1,2. Consequently, the insurer retains the loss Y; — 1 (1}, Y;) — I,(1;,Y;), i = 1,2, ....
We use Poisson random measures to express the aggregate claims and denote the Poisson random
measure by N(dt, dy) with the compensator v(dy)dt := AdF(y) dt. Thus, the severity of the aggregate
claim at time ¢ is Eﬁ\;(lt) Y, = f(f Je+ yN(ds, dy), and it has the expected value

N()

E ;y :E[/Ot/ﬂwyN(ds,dy)] :/Ot/R+yv(dy)ds:/\ayt



Furthermore, the losses covered by reinsurer 7 = 1,2 and the insurer can be written as

N(t)

=1 lj (ﬂ’y;) B /0 /R+ lJ(S,y)N(dS’ dy)7 j == 1327
N(D) t
2 (B ~wE ) - /0 /w (y — li(s,y) = la(s,)) N(ds, dy).
=1

We suppose that the insurer adopts the expected value premium principle with constant safety
loading 8 > 0, and then the insurer will receive an instantaneous premium flow at the rate of
c:= (14 0)Xay = (1+0) [+ yv(dy). In contrast, the two reinsurers charge reinsurance premiums
independently through different premium principles. We assume that reinsurer 1 adopts the mean-

variance premium principle and receives instantaneous premium flow at the rate of

n® = [ hon+a [ B,

where £ (t) is the security loading, and reinsurer 2 adopts the expected-value premium principle with

the instantaneous premium rate

pa®)i= (1+6) [ blt)otay).

where &,(t) is the security loading. In the present work, we assume that the reinsurance premium
principles are fixed, while the reinsurers can adjust the reinsurance price by changing the security
loadings. Thus, for j = 1,2, the choices on &;(t) reflect the attitude of the insurer j toward the risk
ceded from the insurer and the competition with the other reinsurer. In the rest of the paper, we call
&1(t) and & (t) the reinsurance premium strategies. Furthermore, we assume that &;(t) € [G:—QYY, ?—2:] and
& (t) € [0,m], which ensure reinsurance price non-arbitrage and coverage that is not unduly expensive.
After paying for the reinsurance contracts, the net premium rate received by the insurer becomes
c—pi(t) — p2(t).

Denote by xé >0, xoRl > (0 and mé% % > 0 the initial assets of the insurer and two reinsurers, respectively.
The insurer and the reinsurers receive credit (resp. debit) interest from their positive (resp. negative)
surpluses at interest rates p;(t), pri(t) and ppo(t), respectively. Assume that the three interest rates

are positive, bounded and deterministic. Thus, the surplus process for insurer is

dX;(t) = [e = pi(t) = po(t) + pr() X (1)) At — [or (v = Lt y) = lo(t,y)) N(dt, dy), 0
X;(0) = z.

The two reinsurers have surplus processes

dX g1 (t) = [p1(t) + pri(t) X g1 ()] At — [o+ Ly (8, y) N (dt, dy),
Xpi(0) =5,

and

dXpa(t) = [pa(t) + pro(t) Xpa(t)] dt — [+ L (¢, y) N (dt, dy),

Xp(0) = 2.



Throughout this paper, we refer to {l1, >} := {l1(¢,y),l5(¢,y)}
for the insurer, and &; := §;(t)

(ty)€[0,T]xRT a5 One reinsurance strategy

te[0,T] is a reinsurance premium strategy for the reinsurer j, 7 = 1,2. In

the following, we define admissible strategies.

Definition 2.1. A market strategy {ly,15,&1,&} is said to be admissible if:

(i) I; and I, are non-negative F-predictable processes such that Iy (¢,y) + l5(t,y) € [0,y] for (t,y) €
0,7] x RT;
(i) & and & are F-predictable processes such that & (t) € [?—2;/, T—Q;’] and &(t) € [0,n] for ¢t € [0,T7;
(iii) associated with {iy,[5,&,&}, the surplus processes (1), (2) and (3) have unique strong solu-
tions X7(+), Xg1(-) and Xpy(+), respectively, which are cadlag, F-adapted processes satisfying

E[supscpo,n | X,.(8)]°] < oo for k =1, R1, R2.

Let & := af x a/p) X SRy be the set including all admissible market strategies, where 7 is the
set of admissible strategies for participant k = I, R1, R2. Note that {l;,15,&;,&} € & if and only if
{li, o} € 1, & € Py and & € py.

In this paper, we discuss this problem under a time-inconsistent mean-variance framework. Our
aim is to find the optimal strategies to maximize the expectations and minimize the variance of the
insurer’s and reinsurers’ respective terminal surpluses. We denote E, ,[-] := E[-|F;, X(t) = x| and
Var, ,(-) := Var(:|F, X(t) = x), where X (t) = x stands for (X;(t), Xp;(t), Xpao(t)) = (21, TR1, TR2)-
Let 47 > 0, yp1 > 0 and g9 > 0, which reflect their attitudes towards the trade-off between risk and

return. Then, we can obtain the objective function as follows:

Definition 2.2. Given {l;,15,&;,&} € o, the insurer’s objective at time ¢ is

Jr(t eyl 61, 6) = By [X0(D)] = 2 Vary, (X,(T)), (4)

reinsurer 1’s objective at time ¢ is

-
Jri(t, 2R15 1, 61) = B g [XRi (T)] — %Vart,xlﬂ (Xr1(T)), (5)

and reinsurer 2’s objective at time ¢ is

y
Jra(t; TRas U2, §2) = By 4, [X o (T)] — %Vaft,m (Xpo(T)). (6)

Now, we use the Stackelberg game to model the relationship between the insurer and reinsurers.
Being aware of the insurer’s response, reinsurers play the leadership role and determine the reinsurance
premium first. In contrast, the insurer as a price taker, would be the follower in the game. And it has
the right to choose a reinsurance plan under the given reinsurance premium. The competition between
two reinsurers is described by the Nash game. Reinsurer 1 and reinsurer 2 are two oligarchs in the
reinsurance market. They compete with each other and simultaneously determine their reinsurance
premiums. Specifically, given reinsurance premium strategies £, € @/p; and &, € /py for reinsurer 1

and reinsurer 2, the insurer can choose an optimal reinsurance strategy {I7(:;&;,&,),15(5&1,62)} €



based upon her objective. In anticipation of the insurer’s choice of the optimal reinsurance strategy,
. . . . . . . * *

two reinsurers simultaneously determine their reinsurance premium strategies &; and &. The search

process of the equilibrium reinsurance and reinsurance price on the reinsurance market can be described

by the following three steps.

1. In the first step, we search for an admissible reinsurance strategy to optimize the insurer’s
objective function for any reinsurer strategy set {{1,&,} € @R X @pry. The insurer’s optimal
strategy is associated with the given reinsurance premium strategies &; and &, and is denoted
by {I7(+;€1,&),15(::&1,&)}. The insurer’s response {I7(+;&1,&s),15(+:&1, &)} is available to both
reinsurers and will be used by the reinsurers to design their own strategies in the following steps.

2. In the second step, we find the reinsurance premium strategies £7(+; &) and & (+;&;) for the two
reinsurers when the other reinsurer’s strategy is given and the insurer’s choice is the optimal
reinsurance strategy we found in the first step.

3. In the third step, we find the equilibrium reinsurance premium strategies for the Nash game
between two reinsurers, which is {£], &5} from the reaction function we obtain in the second step.
Then, we substitute the equilibrium reinsurance strategy into {I7(:;&;,&,),15(+5 &1, &2)} to obtain

the equilibrium solution for the Stackelberg game {I7(-),5(-)}.

3 Time-consistent strategy

3.1 Equilibrium strategy

Since the dynamic mean-variance problem of (4)-(6) is essentially time inconsistent, we cannot
directly use Bellman’s optimality principle. To overcome this difficulty, we address this problem within
a game-theoretic framework and search for the Nash subgame perfect equilibrium strategy, which was
pioneered by Strotz (1956). We can derive the extended Hamilton-Jacobi-Bellman equation following
the method introduced by Bjork et al. (2017).

Definition 3.1. Given the objective function J;, Jg; and Jgs, the equilibrium reinsurance strategy

and equilibrium reinsurance premium strategy are defined as following.

(i) Given & € oy and & € Dy, let {17(+61,&),15(+561,&)} € & be a reinsurance strategy
associated with a given (£;,&,). For any (¢,y) € [0,T] X R and fixed real number € > 0, define

the associated reinsurance strategy as:

Li(y), s € [tyt+e)

l;(saya £1a£2) = i
lj(say;£17£2)’ s € [t+€aT)

; J=12,

where [; : R" — RT and I, : Rt — R™ are functions such that {I(-;&1,&),15(: &1, &)} € o If

lim inf%[‘]I(taxﬁlT(';glv52)al;(';£la§2)7€17£2) - ‘]I(ta w[%ﬁ(‘?ﬁla@),lg('?fla&)yfla&)] >0,

e—0



(i)

(iii)

(iv)

then, {I7(+;&1,&),15(:; &1, &)} is called the equilibrium reinsurance strategy associated with & and
627 and ‘/}(t’ Lr; 617 52) = Jl<t’ Lr; lT(a 615 52)7 l;(a 513 52)7 617 52) is the equilibrium value function

for insurer associated with (£, &5).

Given & € o, let &](+;&,) € o/p; be a reinsurance premium strategy for reinsurer 1 associated

with a given &. For any ¢ € [0, 7] and fixed real number € > 0, define the associated reinsurance

premium strategy as:

glv s € [ta i+ 6)

1(s:82) = .
51(8;62)7 s € [t+67T)

where ¢, is a real number such that &{(-; &) € dpy. I

lim infl (TRt xg1; 1 (560 (562),62), €1 (5 €2)) — i (b 2ri; (5 €1(5 ), €1(56))] >0,

e—0" €

then we call £ (+;&,) the equilibrium reinsurance premium strategy for reinsurer 1 associated with
&y and Vi (t, 2g15&2) = Jpi(t 2r13 (561 (562),62), €1 (5 €2)) the equilibrium value function for

reinsurer 1 associated with &;.

Given &; € gy, let £5(-; &) € @/py be the reinsurance premium strategy for reinsurer 2 associated
with a given &;. For any ¢ € [0, 7] and fixed real number € > 0, define the associated reinsurance
premium strategy as:

&, s€[t,t+e)

5;(57 ;51)7 s € [t + E,T)

where &, is a real number such that £5(-;&;) € Ppy. If

55(3551) =

lim infl [Jro(t, 2o 15(+61,65(+5€1)), 65 (&1)) — Jra(t, mRai 5(51 &1, 65(560), &2(+561))] = 0,

e—0" €

then we call £(+;&;) the equilibrium reinsurance premium strategy for reinsurer 2 associated with
& and Vio(t, 2poi&1) = Jro(t, TRos 15(1161,65(55€1)), £2(11€1)) the equilibrium value function for

reinsurer 2 associated with ;.

(£1(+),&5(+)) are called the equilibrium reinsurance premium strategies if &1 (+) is the equilibrium
reinsurance premium strategy for reinsurer 1 associated with & (-) and &;(+) is the equilibrium
reinsurance premium strategy for reinsurer 1 associated with £7(-). More specifically, (£5(+),&5(+))

are called the equilibrium reinsurance premium strategies if

(1) =& (&),

for all t € [0,T]. (7)
&(t) = & (L&),

Then, the equilibrium reinsurance strategy for the insurer is (I7,15) = (I7(;£1,£5), 15(+ €1, 5)).

Moreover, Vi(t, z1) = Vi(t,21:61, &), Vai(t: 2r1) = Va1 (t, 15 &) and Vo (t, 2ra) = Vaa(t, Tr2i §1)
are the equilibrium value functions for insurer, reinsurer 1 and reinsurer 2, respectively.



The value functions of insurer (I), reinsurer 1 (R1) and reinsurer 2 (R2) can also be written as
Vit,zr) = Jr(t, 210, 05,60,6), Vet ory) = Jri(t2pis 17, 61) and Vs (t, @pa) = Jpa(t, 2pos 12, 63)-

Proposition 3.1. The objective functions of the insurer and reinsurers (4)-(6) are separable in their

own surpluses and independent of the opponent’s. Moreover, neither the insurer’s nor reinsurers

optimal strategies depend on the surpluses.

The proof of proposition 3.1 is in appendix A.1. However, to use the equilibrium strategy defined in
definition 3.1 and derive the extended HJB equation for the value function, we need to demonstrate that
the optimal strategies of the insurer and reinsurers are state independent, which is true according to
proposition 3.1. Intuitively, it is difficult for one participant to acquire and make decisions based on the
information on the surplus levels of other participants. Therefore, we can concentrate on equilibrium
strategies given in definition 3.1 and apply the extended HJB equation to solve the mean-variance
problem (4)-(6).

3.2 The extended HJB equation

First, for an arbitrary function ¢ : [0,7] x R — R with partial derivatives awéi’m) and a‘pa(i’m), we

define the infinitesimal generators for the insurer’s and two reinsurers’ optimal problems acting on ¢ as

l1,09,61,62 _ a@(ta'xf) 880@71‘1)
Z; lp(t,zr)] = o T oz

+ /+ otz = (y = (t,y) — ot y)) — @(t, z1)] v(dy),
R

[c = pi(t) — pa(t) + pr(t)zy]
(8)

LR ot zp)] =

p(t, zR1) . Op(t, zR1) {/
R

R e Lt y)u(dy) +&(1) / . I3 (t,y)v(dy)

i Q
+om(em] + [ et 1) = pltan)]v(d),

0 x 0 x
2451t o)) = 220 PO [0 [ eotan) + pmalt)on) »

+ [ etton = i) - el o)) o).
Theorem 3.1 (Verification Theorem).

(i) Given {&1,&} € r1 X ARo, if there exist real value function Vi(t,xr;&1,&) € 01’2([0,T] x RY)
and real function g(t,xr;&1,&,) € 01’2([0,T] x R™) satisfying the following conditions:

sup {HJB](t, l‘[§l17l2a€1a§2)} =0,
{li.lo e

17,05,1,
ip]l 2808 [gf(t7xl§§1a§2)] =0, (11)
VI(TaxI;£17€2) =2y,
gI(T7$I;§17€2) =2y,




(i)

(iii)

where
HIB; (o151, b, 1, &) = 212 [V (Lo €1,6)] = S22 (g1 (1 01:61,.6))

l 7l bl b
+ 191t x5 €0, 8) L St lgr(t, &1, &)

{0ty &1,82),15(ty: 60, &)} :=arg  sup  HIB(t,z1314,19,&1, &),
{l,la ey

then Vi(t,xr;:€1,&) = Jr(t, o1 (4560, &), which is the equilibrium value function for insurer
associated with & and &, and {17(:;€1,&),15(+:€1,&5)} is the equilibrium reinsurance strategy

associated with & and &;.

Given & € Apq, if there exist real value function Vi (t,xp1;&) € 01’2([0,T] x RY) and real
function gri(t,xr1;&) € 01’2([0,T] x RY) satisfying the following conditions:

sup {HIBp(t, 2 (i (-: €,6),60) } =0,
§1€49R1

l* .; *7 , *
gRll( e)a [9r1(t, xR1;&2)] = 0, (12)

Vei(T,xR1;62) = TR,

L 9r1(T, 2R1; &) = TRy,

where

* 17 (-:£1,€2), 9 13 (-1€1,62),
HIB Ry (12 (-2 60.6),60) = L 9 Vg (6o )] = T L S gy (1,0 )

+ Yr19R1(t TR 52)-21%('251 g (b 23 €)]
§(:&) = arg_sup {HIBpi (b opuili(-:61.6). &)},
§1€9R1

then Vg (t, 213 &) = Jp, (6,21 11 ( &1 (5 62), &), &1 (53 &), which is the equilibrium value function
for reinsurer 1 associated with &, and & (+;&,) is the equilibrium reinsurance premium strategy

for reinsurer 1 associated with &,.

Given & € @y, if there exist real value function Viy(t, xpe: &) € CV2([0,T] x RT) and real
function gro(t,TRe; &) € C’l’z([O,T] x R™) satisfying the following conditions:

(5w {HIB(tomili(-: 6.6). &)} =0

3112;2(.:&52)’52 [9R2(t; T R2; §1)] = 0, (13)
Vro(T', 2 Rro; §1) = TR

Gra(T, 2 Ros &1) = TRo,

where
- 13 (+61,6) VR I3 (606),
HIBgo(t, xRos 15(- 1 £1,62),£2) 1:-3322( S1k2)a Vro(t, TRe; &1)] — %XRQZ( Cahadba [9?%2(75790}22;51)]
15(-:£1,65),
+ Yr29R2(t, T Ro; 51)3322( shzhta [9Rro(t, TR2; &1)]

& (&) = arg_sup {HIBmo(topili(-: €1,6).6) ),
§1€9R2

10



then Vo (t, o €1) = Jp, (t, TRo; 15(5 &1, 65(561)), & (55 €1)), which is the equalibrium value function
for reinsurer 2 associated with &, and & (-;&;) is the equilibrium reinsurance premium strategy

for reinsurer 1 associated with &; .

The proof of the verification theorem can be adapted from Theorem 5.2 of Bjork et al. (2017) and
Theorem 4.1 of Bjork & Murgoci (2010). Here, we omit the proof.

If there exist (£],&5) € @y X Ao such that &7 (t) = & (¢, &5(t)) and & (t) = & (t, & (1)) for all t € [0, T,
i.e., equation (7) is satisfied, then (£7,&3) is the equilibrium reinsurance premium strategy. The value
functions for the insurer and two reinsurers are V;(t,x;) = Vi(t,21;€1,63), Vri(t,zr1) = Va1 (t, 1R1;£5)

and Vgy(t, 7g2) = Vio(t, wpa; 1), respectively.

3.3 Solution

Proposition 3.2. Given (£;,&,) € 9/p; X SRy, the associated equilibrium reinsurance strategies are

. q(t)y, y <d(t), . 0, y < d(1),
hty&:6) =9 and  ly(t,y;&1,62) = )
2521 t)’ Yy > d(t)a Yy — d(t)7 Yy > d(t),
where
15 pr(s)ds

26,(¢) + ’Y[eftT pr(s)ds ’Y]eftT ple)ds 261 (t)

The proof is given in Appendix A.2. And the proof has promised that {I7,l5} is admissible.

The results in Proposition 3.2 can be interpreted in the following way. At time ¢, the insurer holds a

proportion reinsurance offered by reinsurer 1 and a stop-loss reinsurance offered by reinsurer 2. In the

proportion reinsurance, the ceding proportion is ¢(t) and the limit is 2%1% t))' The stop-loss reinsurance is

characterized by the deductible d(t). Suppose that the realized claim amount for the insurer at time ¢

is y. If y is no larger than d(t), the insurer retains the amount of (1 — ¢(¢))y and transfers the amount

of q(t)y to reinsurer 1. If y is strictly larger than d(t), the insurer transfers the amount of 25521(3) to

£ (1)

Spelt pas”

reinsurer 1 and y — d(t) to reinsurer 2 and thus retains the amount of
Given suppose that the associated equilibrium value functions of two reinsurers are
1,62), Supp q
ftT PRl(S)dS ftT PR2(5)d5

Vii(t,zp1562) = e Tr1+ Bpi(t) and Vpo(t,rpe;61) =€ TRy + Bpo(t).

Moreover, we assume
T d T d
gr1(t,vR1; &) = el Pm(e) "rr1 +bpi(t)  and  gpo(t,rpe;&y) = el Pra(e) *ZRo + bra(t).

Then, the extended HJB equation (12)-(13) can be written as

sup {B;%l(t) + €ftT PRl(S)dS[/

s [ et = el o2 g uan] |09
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and
! d * Yr2 [T ds %2
sup {B;m(t) +eli Pr2(®) S{/+52(t)52(t73/;§1a§2) - 7€ft PRS2 (1 g 517§2>U(dy):| . (16)
§2€TRo R
The equilibrium reinsurance premium strategies for two reinsurers, given their competitor’s premium

strategy, can be calculated from the first-order conditions of (15) and (16), which are

ftT pri(s)ds d(t) ftT pri(s)ds
e e
A(6n&) = |200) | P n) —1) [P ar) + dey? |2 - 1| 5(d®)
,-Yjeft pr(s)ds 0 &
=0 (17)
and
S pra(s)ds i pra(s)ds +00
e e
Araléa &) = |1+ M0 M| [y — dt) 4 () — d(0)S(d(0)
el pr(s)ds 1 d(t)
=0, (18)
where S(d(t)) = 1 — F(d(t)) and functions ¢(t) and d(t) are defined in (14). We can find &;(; &) from

(17) and &(+;&;) from (18). If we can find a pair of (£],&5) satisfying both (17) and (18), they are
indeed the equilibrium reinsurance premium at time ¢. From the equilibrium reinsurance premium

strategy {£](t),&5(t)}, we can further obtain the equilibrium reinsurance strategy {I7(-),5(-)} for the
insurer by substituting {&;(t), & (t)} into {I7(t,y: &1, &), b (.55 61,62) -

4 Example: optimal reinsurance strategies under exponential claims

In section 3, we obtain the explicit form of {I](t,y;&;,&),5(¢, y;: &1, &)} However, without in-
formation on the distribution of Y;, we cannot solve (17) and (18) to obtain an explicit form of
{£1(5:€9),65(+; &)} To better understand the reinsurance premium strategies in a market equilibrium,
in this section, we impose the assumption that the claim sizes Y;, ¢ = 1, 2, ..., follow the exponential

distribution with expectation 1/, i.e., Y; ~ exp(8)." Then, we explicitly determine {&}(-),&5(-)}.

In the first attempt, we assume that £ (+) and &;(+) can take any positive values, i.e., & : [0,T] —
[0,00), 7 =1,2. Fix t € [0, T]; we can determine the reaction functions &;(-;&,) and &;(+; &) from (17)
and (18) for two reinsurers given the strategy of their competitor. Consequently, £7(¢) and & (t) are
the coordinates of the intersection point of the two reaction functions. Since & (t) and &;(¢) can be
determined in the same way for all ¢ € [0,7], in the following discussion, we focus on a given time t.

For notational simplicity, we denote d = d(&;,&,) > 0,

el pi(s)ds
Ci=—-2—— j=RI,R2
7 T
’y]eft pI(S)dS
ftT pri(s)ds ftT pr2(s)ds
Bpy = YR1€ and  Bpy = YR2€
& &2

'Y; has density function f(y) = Be” Y, distribution function F(y) = 1 — e ”¥, expectation 1/4, and variance 1/3°.

12



As we have f(y) = Be Y. we can rewrite (17) as the following quadratic equation of Bp;

Bpi1(2CR +1) — 2Cp, L |2 pa_ 2 2
[ 2§ B } e(Bd) + By —1 =0, where e(8d) := [(Bd)ze (1 + Bd + (Bd)2>] .

Since —2CR(e(Bd) + 1) < 0, the above equation has one positive and one negative solution. In

particular, the positive solution is Bp; = G(8d), where G(z) = g(e(z)) and

ote) 1= 5 (~12Cki = 1+ 2(2Cp + D]+ /20 — 1+ 0(200 + D +8Ca+ 1))

Now, we establish a relation between &; and & from (17) via the following equation:

I} prils)ds

BR1:W:G</8d):G<

& (19)

B —i—& _
,y[eftsz(S)dS 2§,

Lemma 4.1. The function e(x) is continuously increasing in © € (0,400), g(x) is continuously

decreasing in x € (0,+00), and G(z) is continuously decreasing in x € (0, 400).

Since G(x) is a decreasing function, its inverse function G is well defined. Now, we represent &5 as

a function of &;, say hy(&;), from (19) as

I ppi(s)ds

&1

JE pr(s)ds
p <716 26, + 1)

It is clear that hq (&) is decreasing in &; because G_l(-) is a decreasing function.

’yleftT pr(s) dSG—l('YRle

§o = hi(&) =

Similarly, under the exponential distribution, (18) implies

fyleftT pr(s)ds ftT pr(s)ds

§o = hy(&) = 5 14+ Cpro —

V1e
ftT p(s) ds + 251

Yré

and hy(&;) is increasing in &;.

Proposition 4.1. Assume that Y; ~ exp(8), i = 1,2,..., and §;(t) > 0 for j = 1,2 and t € [0,T].
There exists a unique positive solution (&1,&y) such that &, = hq (&) = ho(&;).

By the previous analysis, for each t € [0, T], we can obtain a unique equilibrium solution of (&;,&5)
regardless of their constraints. However, large values of &; and & might lack practical meaning because
they represent the amount of risk loading added into reinsurance premiums. In our second attempt, we
impose the constraints of &;(¢) and &(¢) introduced in Definition 2.1 and then solve the equilibrium

reinsurance premium strategy (£ (+),&5(+)). Specifically, we assume that & (t) € [03,13] and & € [0, 7).

13



Proposition 4.2. Assume that Y; ~ exp(fB), i = 1,2,..., &(t) € [08,n0], and &(t) € [0,n]. The

equilibrium reinsurance premium strategies for two reinsurers are

&(t) = max {08, min {ny (1)), n8} }

max {0, min {hs(88), n}}, i & (t) < 68
&(t) = {max {0, min {&(t), n}},  if0B <& (t) <np
max {07 min{h2(77/8)v 77}} ) if 775 < El(t)'

We compare the equilibrium solution without constraints with the boundary for the strategies.
We can roughly understand the formula in the following way. When the equilibrium solution & (t)
for reinsurer 1 exceeds 18, the maximal reinsurance premium that reinsurer 1 should charge is np.
Reinsurer 2’s corresponding strategy is hy(n3), which maximizes reinsurer 2’s objective function
given reinsurer 1’s strategy nf. Considering the limitation of &(t), reinsurer 2 can only set its
relative security loading strategy between 6 and 7. To optimize its objective, the premium strategy
for reinsurer 2 is max {#, min{hy(n3),n}}. Then, reinsurer 1 decides its strategy again, which is
max {Gﬁ, min {hf(max {0, min{hy(nB),n}}), 776}}. Now, (£7(t),&5(t)) can satisfy (7), and they reach
an equilibrium at time £. When the equilibrium solution & (t) satisfies 8 < & (t) < n3, then we
only need to consider the constraint for reinsurer 2’s corresponding strategy. Therefore, reinsurer 2’s
premium strategy would be max {9, min {f_z(t), 77}} To reach equilibrium, reinsurer 1 will change
its premium strategy into max {95, min {hl_ (max {0, min {gg(t), 7]}}), nﬁ}}. In the last case, when
£,(t) < 0B, the best strategy that reinsurer 1 can choose is 3. Therefore, reinsurer 2’s corresponding

strategy is max {6, min {hy(653), n}}. Then, reinsurer 1 decides her strategy again to reach equilibrium,
which is max {Hﬁ, min {hl_(max {0, min {h4(05), n}}), 776}}

5 Numerical results and discussion

In this section, we provide a numerical example for the theoretical results we obtained in section 4.
We choose the parameter values t =0, T =8, a=1,06=1,0=01,n=09, A=1,8=1,z; =1,
xry = 10, zpy = 10, pr(t) = 0.1, ppi(t) = 0.1, pra(t) = 0.1, v = 0.1, vz = 0.1, and vpy = 0.1.
Therefore, we will provide the numerical results of equilibrium strategies for the three parties at time 0.
It is worth noting that the initial asset of the reinsurer is set to be 10 times as much as that of the
insurer to distinguish the reinsurers’ and the insurer’s solvency abilities in the market. We can also see
that the safe loading for two reinsurers is limited in [0.1,0.9]. Next, we will draw a phase diagram to
illustrate the equilibrium strategies of three participants. Finally, we allow p;(t), pri(t), pra(t), 71, VR1,

and gy to be free parameters and fix the rest to examine the sensitivity of the equilibrium strategies.
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5.1 The equilibrium strategies

We can obtain the phase diagram by plotting the functions hq(§;) and hy(&;) in Figure 1, where the
intersection point of two curves is the equilibrium reinsurance premium strategy. We clearly find from
the phase diagram that the equilibrium reinsurance premium strategies of reinsurer 1 and reinsurer 2
at time 0 are &/ (0) = 0.28269 and &5(0) = 0.38225, respectively. The reinsurance plan of the insurer
is illustrated in Figure 2. If the total claim is less than d = 2.3936, the insurer retains 71.75% of the
total claim, and reinsurer 1 covers 28.25%. If the total claim exceeds d = 2.3936, the indemnity paid by
insurer is at most 1.7175, and reinsurer 1 covers 0.6761 of the total claim. The excess of loss reinsurance

signed with reinsurer 2 will pay all of the remaining indemnity.

1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
&

Figure 1: The phase diagram of £; and &,

The claim retained insurer
The claim ceded to reinsurer 1
The claim ceded to reinsurer 2

251

15

05

o n n n n f . . . .
0 0.5 1 15 2 25 3 35 4 45 5
Total claim

Figure 2: The equilibrium reinsurance strategy

In Figure 3, we provide the trajectory of the equilibrium reinsurance premiums & (t) and &5(t). As
shown in the figure, the premium strategies for two reinsurers &; (t) and &,(¢) both decrease over time. It
is reasonable that the reinsurers charge less to cover the risk as the uncertainty of the policy is reduced
over time. Moreover, the prices for the two reinsurance policies do not change substantially over the

time period according to Figure 4. For the policy with an 8-year lifetime and for one unit of claim Y,
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the price of the proportion reinsurance ranges between 0.2621 and 0.2437, and the price of the excess of
loss reinsurance varies from 0.1262 to 0.1070. The proportion ceded to reinsurer 1 is quite stable at
approximately 0.2825, and the deductible is almost equal to 2.3936 from time 0 to 8. This means that

the reinsurance policies signed with two reinsurers do not need to change considerably over time.

60 p,0

60 026 p,0|
0351 271 2

Premium strategy

01 L L L L L L L 01

Time Time

Figure 3: Equilibrium reinsurance premi- Figure 4: Reinsurance price

um strategy

5.2 Sensitivity analysis

In this section, we discuss the effect of the expectation of claim, denoted by p := 1/, risk attitude
for each company (77, Yp; and vge) and credit interest rate (p;, pr; and pgy) on the equilibrium
strategies. As the equilibrium strategies do not change substantially over time, we only consider the
equilibrium strategies for two reinsurers at times 0, £ (0) and &5(0). To simplify the expression, we use

& and & to represent £1(0) and & (0), respectively.

W first analyse the effect of p which is the expectation of a claim. In this section, we denote by (él, 52)
the intersection point of functions h; and hy. Figure 5 shows the change of fl and 52 with respect to pu.
Generally, & (resp. &) decreases (resp. increases) with y in a non-strictly sense. Meanwhile, given a
value of p, the admissible range for (£7,&5) is [0.1/1,0.9/p] % [0,1,0.9]. In what follows, we analyze the

optimal solution according to the range of p.

1. For 0.3537 < pu < 2.3546, i.e., 0.4247 < B < 2.8269, the safe loading constraint is not binding
because (&1,&) € [0.1/4,0.9/p] x [0,1,0.9]. Therefore, & = &, i = 1,2, and the equilibrium
solution lies in the admissible region as show in Figure 1. By substituting (20) into (19), we
can see that &} does not depend on . It implies &} = 0.28269. In addition, & decreases with 3

according to (20), which lead to &5 increases with p.

2. If p > 3.1837, i.e., 5 < 0.3141, as shown in Figure 7, the intersection point (él, 52) is outside and
upper-right to the admissible region. Consequently, the equilibrium solution is the upper-right
corner of admissible region, that is (¢7,&5) = (8n,17) = (0.9/1,0.9).
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3. For 2.3546 < p < 3.1837, i.e., 0.3141 < 8 < 0.4247, the intersection point (&;,&,) is outside the
admissible region. Precisely, & € [0.1/p,0.9/ ] satisfies the safe loading condition, while 52 > 0.9
does not. Therefore, we have to limit & = 0.9 in the equilibrium solution. It follows that the

equilibrium solution is on the boundary of the admissible region, as shown in Figure 8.

4. Tf 0.2525 < 1 < 0.3537, i.e., 2.8269 < § < 3.9610, the intersection point (51752) is outside the
admissible region. Precisely 0.1 < 52 < 0.9 satisfies the condition, while fl < 0.1/p does not.
Thus, the equilibrium point (£7,&5) is given by & = 80 = 0.1/p and &5 = hy(£]) as shown in
Figure 9.

5. In the last case where pu < 0.2525, i.e., § > 3.9610, the intersection point (él, 52) lies in the lower
left of the admissible region. Therefore, the equilibrium solution is (£7,&5) = (86, 60) = (0.1/u,0.1),

as shown in Figure 10.

Figure 6 shows the effect of p on the equilibrium reinsurance strategy, which is the proportion ¢ (see
left y axis) ceded to reinsurers 1 and deductible d (see right y axis) for reinsurer 2. The proportion
ceded to reinsurers is decreasing with &;; thus, ¢ is increasing with . The proposition rises sharply from
1 to 28.25% before p = 0.3537 and then goes to a platform. Finally, it rises slowly to 1 as u — +o0.
Because d is increasing with &, and decreasing with &;, the deduction is also increasing as the claim

risk increases. As u — 00, d = +00.

Figure 5: Effect of p on &) and & Figure 6: Effect of pu on ¢ and d

Next, we show the how the risk attitudes (y7, vg; and vpo) and interest rates (p;, pp; and pro) affect
the equilibrium reinsurance (q and d) and premium (£} and &) in Figure 11 to 18, in which the x axis
is used for the value of risk aversion degree or the value of interest for different companies. We state
that when we analyse the effect of one parameter, we will keep the other parameters as the value we set
in the basic case. As the risk aversion and interest rate for each party always appear in the same place

when we compute the equilibrium strategy, they will have the same effect on the equilibrium strategies.

Figures 11 and 12 illustrate that both & and & will increase no matter which company become
more risk aversion. Furthermore, we can also see that the change of reinsurer 1’s risk attitude has the
greatest impact on &;. And ~y; and g, do not affect £ too much. Risk attitude of reinsurer 2 has

greater impact on & than insurance company and reinsurer 1. But «y; changes £ more than yg;. As

17



25 T T T T T T
[ Admissible region
h,(€,)
n,(€,)
2r A
15
&
s
05
0 i

03 T T
[ Admissible region
h &)
025 n,(€,)
02r
015
b
01
0.05 -
0
0 0.1 0.2 03 0.4 05 06

01 . . . . . . . . .
002 004 006 008 01 012 014 016 018 02 022
Y1/ ¥Ry /VRe

Figure 11: Effect of risk attitudes on &
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Figure 13: Effect of interest rate on &]
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Figure 12: Effect of risk attitudes on &
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Figure 14: Effect of risk attitudes on &

18



0
0 002 004 006 008 01 012 014 016 018 02 0 002 004 006 008 01 012 014 016 018 0.2

/AR v/
1/ YR/ VR Y1/ Y1/ YR2

Figure 15: Effect of risk attitude on ¢ Figure 16: Effect of risk attitude on d
N i ‘ "
035 \\

0 002 0.04 006 008 01 012 014 016 018 0.2 0 002 004 006 008 01 012 014 016 018 0.2
pi/pm/pre pi/pri/pr2

Figure 17: Effect of interest rate on ¢ Figure 18: Effect of interest rate on d

the interest rates always appear together with corresponding risk attitude, the interest rates have the
same effect as risk attitudes, which is shown in 13 to 14. The increasing of risk attitude or interest rate
will increase the cost of the insurance product or reinsurance product for companies. Therefore, for the
insurance company, it has higher demand for reinsurance which leads to an increase in the reinsurance
premium. For the reinsurance companies, they will reduce the supply for reinsurance which also lead to

higher price for reinsurance in the market.

Figures 15 to 18 show that the ceded proportion ¢ increases with v; and p;, decreasing with vg1, pr;
and Ype, pre- And the deductible d increases with vpy and ppy, decreasing with vy, ppy and vy, pr.
Furthermore, we can see that the risk attitude and interest rate affect both ¢ and d strongly. On the
other hand, the risk attitude and interest rate for reinsurance companies will affect their own product
more. We can see that yp; and pp; influence ¢ more, while ypy and ppy influence d more. For the same
reason we mentioned before, the higher risk aversion and interest rate of insurance company increase
the demand for reinsurance. Thus, ¢ increases and d decreases. While the higher vp; and pg; reduce
the supply of proposition reinsurance, the demand for stop-loss reinsurance increases; thus, both ¢ and
d decreases. However, the higer vpy and ppy will lead to greater d and smaller ¢. It means that the
reinsurance market will provide less reinsurance to insurance company in this case. Thus, the insurer

needs to retain more risk itself.
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6 Conclusion

In this paper, we studied the stochastic differential reinsurance game between one insurer and two
reinsurers under the Stackelberg game and Nash game. The insurer accepts risk from the insured with
the expected value premium and cedes part of risk to two reinsurers who apply different premium
principles. We study the reinsurance strategies of the insurer and reinsurance premium strategies of
reinsurers under the mean-variance framework. The insurer will sign proposition reinsurance with
reinsurer 1 who uses the variance premium principle and exceeds the loss reinsurance contract with
reinsurer 2 who applies the expected value premium. The ceded proportion and deduction depend on
the equilibrium reinsurance premium from the price competition between the two reinsurers. We also
provided the solution of the equilibrium premium strategies of price competition when the claim size
follows an exponential distribution through a phase diagram. The numerical analysis of this example
shows how the equilibrium premium strategy changes with time, the claim size distribution, risk aversion
and the interest rate, which can help us to understand the change in reinsurance price in the market.

The model can be further extended to general cases with more insurers and more reinsurers.

A Appendix

A.1 Proof of Proposition 3.1

Proof. The proof follows from Basak & Chabakauri (2010). From the surplus process (1)-(3), we

calculate the objective function for the insurer and reinsurers as follows:

Ti(t i, €,6) = By [X1(D)] = 2 Vary,, (X(T)) (21)
:wfmwmw+EmJ[TRpfm@“@—h@w—@@wwwy—&@ﬁ@w

— &5(s)lals, ) — el P (y 1y (s, ) — Iy(s, )] v(cly) ds]

T T
Wara ([ [, el O [0 40)y — 11(s) = (14 El)la(o.) = (5.0 () d).

~
JRl(tal"Rﬁ 11,51) = Et,le [XRl(T)] - %Vart,mm (XRl(T)) (22)

T T T T
=JPMW%M+&Mﬂ/ N&Um@“h@w+a@maw—§%ﬂ%Mmmaﬂw@mﬂ
t

YR1 r [T pri(u)d 2
=y ([ [ F o o) + 6ol )
t
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and

v
Jra(t; TRos 12, §2) = By gy [Xpo(T)] — %Vart,xm (XRo(T)) (23)

T T T T
—eh pRQ(u)dung +Ei oy, [/t - els Pre(w)du [(1 + &5(5))la(s,y) — %e’fs pRQ(“)d“lg(s, y)} v(dy) ds}

T T
_ %Vart,x </ » efs PRQ(U)dU(l + &5(8))a(s, y)v(dy) dS) .
t

As we can see, {1;(+),15(+),&1(+), & (+) } only appears in the expectation and variance terms of the objection
function, and those terms are independent of x;, xp; and xpy. Thus, their optimal trajectories must
be state independent. Therefore, each player’s objection function only depends on its own surplus and

is independent of others’. The same for the value function. O

A.2 Proof of Proposition 3.2

Proof. For notational simplicity, denote V7 (t,z;) = Vi(t,x1;&1,&) and gr(t,z;) = g(t, 2161, &).
Combining this with (8), the extended HJB equation for Vi(t,x;&;,&,) in (11) is

HIB;(t,x1;11,15,61,62)

l1,l2,815 * I plala b, )2 * l102,61,827
=, (LS () = L2260 (o)) + g (t o) 27 g (2]}
1l s €D

* * a I t, xz * 5 7 t, X
= s f e ] - U (2 25 4 2 ,0) 2 e ) = pal0) i 00)
{lla}ea L1

7 * *
+2 +(571)2(t>951 —y+1l i) — (91)2(75’561)11((1”)

2 Jr
gt | P 4 BRI (e (1) — (6 + pr(0)e1)

Fugi(tan) [ it — (- - )] - e |

= s {3}1’12’51’52m*<t,m—’gf L. [gm,mf—(y—zl—zz>>—g?<t,m1>}2v<dv>}
{lla}ed R

vy (t,x ovi(t,x
— sw { ity | OV (b (/ [y—h—z2+9y—£1<t>z%—@(t)lz]v(dy)w(t)w)
{l1,lx}ed; ot axl R

# [ Vit = - = Ve - [ laiter - - - ) - gitn)] o) .
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T T
Since we can write V; (t, z;) = el P1(®) dsx;—FB[(t) and g7(t,x7) = eli pr(®) d5$1+b1(t), by substituting
them into the equation above, we obtain
HJBI(tv Lr; l1> lQa 617 ‘52)

= sup {p(t)eftTPI(s)dsxl + Bht) +€ftTp1(S) dS{/
{lila}ea R

_/RJF[eft pI(S)dS(y_ll_ZZ)]v(dy)_féf/RJF €2ft PI(S)dS(y_ll_lz)Qv(dy)}

T T
I T A e U R ) ST
15l s €D

=t =1+ 0y = & (1 — &(Ollo(dy) + pr(t)a]

By the first-order condition, we have
T
—26, ()] + el OBy 1 — 1) =0,
JF pr(s)ds
—&o(t) + et (y—1li—1y) =0,
which further implies

T
1= T q (y—b)=y-1 T 4
26, (1) + ypelt P10 yreli prde

Recall that [; € [0,y], l; € [0,y] and [} + 1, € [0,y]. If y > f%(tz ot 2%1(8), the two first-order
yrett P

conditions can be satisfied by

I, = &)
1 28, ()’
ly =y — G &2 (1)
40 ’YIC‘[t pr(s)ds
£ (1) £ (1)
i Y : 'YleftT p(s)ds + 26, (t)° the
ftT pl(s)ds
ll = L fT Y,
28, () +vre’t pr(s)ds
l2 = 07

leads to the supreme in (24).

Combining the two solutions above, we have the equilibrium reinsurance strategies associated with &;

and & as
Lt y;:€,&) = £ (1) ,and Ity 6,&) =
2521@)’ y > d(t) y—d(t), y>dt)
ppelt Pr(9ds & (1) &(1)
where ¢(t) = L - and d(t) = 2 + &

T 261(t) "
2&1(t)+7[eft pr(s)ds "Y[eft p(s)ds 51()
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A.3 Proof of Lemma 4.1

Proof. First note that

2 =1 , 2 2 2 2 2 =1 , 2 2 = 2
e(x) ==Y 2" (1+-+5)|=5+>+1+5) 2" (1+2+5)=Y ——a"
() = n! ( x 332) 2z 532;:371! A ;(n+2)!
Obviously, e(x) is strictly increasing in « for positive z. Thus, we have lim,_,ge(z) =0, lim,_,,  e(z) =

+o0. In short, e : (0,400) — (0,+00) is a continuous and strictly increasing function.

The monotonicity of g(x) can be obtained by determining its derivative as follows:

N

29/ () = — (20, + 1) + 2[2CR, — 1+ 2(2CRy ; D](2Cr1 +1) +8Cry

|(2Cs1 = 1+ 2(2C; +1))° +8Cp (2 +1)]

2CH — 1+ 2(2Ck; + 1) + acaL
—(20m +1) | -1+ = = ECm+1D

Nl

(2CR = 1+ 2(2CR; + DI + 8Cp(w + 1))

=(2Cp1 +1)

14 20k = 1+ 2(2Ck; + D]* + [gegy ] + 2208 — 1+ 2(2Ck + 1) ge 4y | *
2CR1 — 1+ 2(2CR + 1)]* + 8Chi(z + 1)

1
_ 2 AChy 12, 8Cg (2Cm—1)\ 2
o +1) | 14 (PO 120k + DI +80m + o in) + e, )

[2CR — 14 (20 + 1)}2 +8CR1x +8CR;

2 C 2CH1—1 2
2Cr1 = 1+ (20 + DI + 80 + 80 | [ 2001 + G5

=2Cr1 +1)| -1+
(2Cm+ 1) 2CR1 — 1+ 2(2Ck; + 1)]* + 8Cp1x + 8Chy

[N

(20R1+1)2
[2CRr1 — 1+ 2(2Ck; + 1)]2 +8CR1x + 8Cp;

[2CR1 - 1 + I’(QCR]_ + 1)]2 -+ SCRll' -+ SCRI |:4012?1+20Rl_1:|
=(2Cp +1)| -1+

1
2
C 1
2051 — 1+ 220k +1)]° + 8Cp12 + 80 [1 - H}

[2CR, — 1+ (205, + 1)]* + 8Cry1x + 8Cpy

=(2Cg +1) | -1+

20 R +2

Because 2o t1) > 0, we have
R1

(2Cp1 +1)°

[2Ch — 14 2(2Ck; + 1)]* 4+ 8Cgiz + 8Cpy [1 — QCRﬁ?]
1

5 , forxz > 0.
[2CR1 -1+ x(QCRl + 1)] + 8CR1$ + SCRI]
This implies that ¢'(z) < 0. Furthermore, we have
2
lim o(x) —(2CR1 — 1)+ \/(QCRI —1)"+8Cr: 4 () 20
im = n im _ _““R1
om0 I\ 2 & —rtoo I\ 2Cp +1

Thus, g : (0, +00) — <2(2£f_1ﬂ, [—(2031 -1)+ \/(2C’R1 —1)? + SCRl] /2> is continuous and strictly

decreasing.
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Combining the monotonicity and continuity of both e(-) and g(-), we obtain that G(z) := g(e(z)) is

a continuous and strictly decreasing function. O

A.4 Proof of Proposition 4.1

Proof. From the definition

T
Ji pRri(s)ds

I pr(s)ds =1 e 1T pr(s) ds 17T pr(s) ds
e G 3 yrett M yret P!
hi(§) = T dsl and  hy(§;) = 5 1+ Cgre — [T or(9)ds ;
B <1 + W}?) yrelt PR 26
1
we have
T T
’yleftT pr(s)ds G_l('YRleft ;Rl(s) @ %eftQEI(S)dS
hi(&1) = ha(&1) = 3 le()d — (14 Cgo) + T (l)d
1+716tpls s "/Ietpls s
28, 26,
ypeli pr(e)ds L yppelt Pra(@ds . ypeli pr@ds\ [ pr(s)ds
N fT pr(s)ds ( 51 ) B (1 + RZ) 1 + 251 + 251
5 (1
1
ypeli pr(e)ds L yppelt Pr(@ds ypeki pr(s)ds .
= T oo as (T) — Cg2 2%, — (14 Chro)
5 (1
1

It is known from Lemma 4.1 that G(-) is a continuous and strictly decreasing function, and

—(2Cg1 — 1) + 1/ (2Cr1 — 1)* +8Cpy
lim G(z) = lim g(e(x)) = lim g(x) = (20 ) \/( f ) R,

x—0 x—0 x—0 2
lm_Glx)= lim_gle(@)) = lim_ga) = >
:t—1>r—|I—1c>o v _x—l>r—ir-1c>ogex _96—1>I—&?€l<>ogm _20R1—|—1'

2
_ —(2CRr1—1)+4/ (2CR; —1)"+8C
Thus, G 1 : ( 2CR, (2CRr1—-1) (2CR1-1) R1

341 5 ) — (0,4+00) is also a continuous and strictly decreas-

ing function.

YR1 i P (o) ds (2Cp1+1) ’YR1€ftT PR1() Ao 2CRy VleftT pr(9)ds 1
As & — 5Cr , we have 1E £ pTep and 5, = 20T Thus,
ftTPm(S)dS ftTpI(s)ds
—1,7R1€ Vre
G ( ) — Crg————— — 0.
&1 28
I pRi(e) as I pRi(e) as 2C 11 —1)>+8C 1 —(2CR1 —1 I pp(s)ds
As& — \/ 275‘12 , we have 181 £ _y VECmol) . (2Cr=1) ng e 3 —
(2CR1—-1)"+8CpR1—(2CR1—1)
2CR1—1)>4+8CR1 —(2Ck —1
(2CR1—1) 4CR1R1 (2Cpy )_ Thus,
T pri(s)ds S pr(s)ds 20k —1)* +8C 20k — 1
_1,Yme’t PR yrelt P (2Cp1 —1)" +8Cp1 — (2CR; — 1)
G (—g )_CRQ 25 — — 4CR CR2<0'
1 1 1



Together with the facts that 1 + Cpy > 0 and hy(&;) — ha(&s) is a continuously decreasing func-

tion on its domain, we conclude that hy(§;) — hy(&) crosses the z-axis from above on the interval

JE pR1(s) ds I pRi(s)ds _ _ _
\/(20 2”?)2_:8:1 Y Tmet pR;Cm (2CR1H)). Therefore, there exists &; such that hy(&;) — ho(&s),
R1™ R1™— R1™
Le., hi(&§1) = hao(&2) = &o. O
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